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Introduction

Biochemical Modelling by Process Calculi
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Modelling of biochemical systems by means of process calculi:
@ reacting elements as parallel, evolving processes
@ reactions as synchronisation / communication between preess

Models analysed in di®erent ways, e.g. by
@ model checking
o systems of ordinary di®erential equations

@ stochastic simulation
o stochastic simulation algorithm [Gillespie, 1977]
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Stochastic Simulation Algorithm (SSA)
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/ e molecules collide = react
O\ > ) .
A < @ each step of the algorithm
3 > = one molecule pair (active) collision

A\ o

o discrete, stochastic, exact
@ single, adiabatic compartment
o xed volume
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Compartments
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Compartments necessary for biological modelling:

o exploited in recent approaches (BioAmbients, Brane Calddéta
binders, P systems, ...)

@ several abstraction levels (cellular organelles, subtzlivolumes,
cells, tissues, ...)

o dynamical structure (merging and splitting, creation and tiestion)
o variable volumes (merging and splitting, exchange of elemkents
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Introduction

Motivation

Problem

How to extend the SSA in order to handle multi-compartment systems
with varying volumes?

v

Solution
Multi-compartment Stochastic Simulation Algorithm.
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Motivation

Problem

How to extend the SSA in order to handle multi-compartment systems
with varying volumes?

v

Solution
Multi-compartment Stochastic Simulation Algorithm.

Problem
What the simplest process calculus for their e®ective repreedon?

Proposal
The stochastic4@ calculus.
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SSA description

Description
@ single compartment of "xed volum¥
@ N chemical speciesyl reaction channels
@ each channel denoted by a (constargaction rate(probability)

@ each step corresponds to the stochastic choice of one ofNthe
reaction (molecular collision between one molecule pair)

o the (variable) number of molecules of each specigs:::; Xy

(number of combinations for each type of molecular collision =
number of ways each reaction may happen)

e rates and molecular combinations in°uence tpeopensity functions
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SSA Propensity functions

Description
o rates and molecular combinations in°uence theopensity functions

Example

ReactionR: S+ T ! P Propensity functiona = XgX7 C

with
@ a= propensity function of reactiorR

o adirectly proportional to

o the reaction ratec of R
@ the numberXs of molecules of species
o the numberXy of molecules of speci€b
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SSA In detalil

Algorithm
_ @ N chemical species
1 calculate & = hjc 8j .
@ M reaction channels
2 calculat = i . .
caicuiate % @ a;;:::;ay propensity functions
3 generate randomly | ... i
@ Cp;:::;Cyw reaction rates
2112, 2 [0;1] S -
. 1 - @ hi;:::;hy molecular combinations
4 set ¢= a log(z ) for each reaction
5find *p= smallest int o ¢ time elapsed before next reaction
S.t. j=1 aj > a9 R:
6 update Xi;:::;Xn @ Xp::::: XN number of molecules of
7set t=t+¢ each chemical species
8 go to step 1 e t current time
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Varying Volume

Problem
How to extend the SSA in order to handle varying volumes?

Solution
By unfolding the distinct informations enclosed in tlieaction rate

Example
R:S+T! P a= XgXrc= XgXtVilr

with a directly proportional to
o the reaction rate (per unit volumej of R
o the numbersXs; X1 of molecules of specieS; T
o the inverse of the compartment volumé
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Multi-compartment SSA

Multiple Compartments

Problem
How to extend the SSA in order to handle multiple compartments?

Solution

The same type of reaction in distinct compartments represents distinct
reactions:reaction channel shall be denoted not only by the type of
reaction but also by the compartment the reaction happens in

Example
ReactionR:S+ T ! P CompartmentsCy; C
=) Ri:Si+Ta! Py a = XsiX71Vi 'r
Ry:S+ Ta! P 3 = XgoX72Vd r
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Multi-compartment SSA

Interaction between Compartments

Problem

How to deal with stochastic variations of volumes due to irgtetion
between di®erent compartments (e.g. exchange of molecules)?

Solution

By binding the value of the volum¥y of each compartmentCy to the
internal state ofCy, i.e. the number of molecules of each species inside

I 65

N VA

@ V(§) = volume occupied by each molecule of ty(&
° XJ-k = number of molecules of speci&¥ inside compartmenCy
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Multi-compartment SSA (MSSA)

Algorithm
0 calculate V= i v(S)XX 8k
1 calculate & = V| *hirj 8k;]
2 calculate ag = P a]-"
3 generate randomly
21,22 2 [0; 1]
4 set ¢ = a tlogzi Y
5 find (l A) %nallest int
s.t. ey o1 &> 2@
6 update Xi;::iipXf
7 set t=t+ ¢
8 go to step O

° a]!‘ propensity function of
reactionR; inside
compartmentCy

o rj reaction rate (per unit
volume) of reactionR;

° hj" molecular combinations
for reactionR; inside
compartmentCy

@ ¢ time elapsed before the
next reactionR:. insideCx

o XK number of molecules of
chemical specie§; inside
compartmentCy

@ t current time
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Multi-compartment SSA

Computational Complexity

Algorithm
0 calculate V= i v(S)XX 8k
1 calculate & = V| *hirj 8k;]
2 calculate ag = P a]-"
3 generate randomly
21,22 2 [0; 1]
4 set ¢ = a tlogzi Y

5 find (l A) %nallest int

s.t ko1 e & > 2280

set t=t+¢

go to step O

Computational complexity for
each step:

0 O(N ¢C) (chemical species
times compartments)

1 O(M ¢C) (reactions
channels times
compartments)

2 O(C)
3,4 constant

5 O(M ¢C)

6 O(N)
7,8 constant
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Enhancement of the MSSA

Example

System composed of
@ 10 = N chemical species
@ 15 = M react. channels
@ 100 = C compartments

@ speciesS; T ;P reactant in 3,1,2
reactions respectively

ReactionR®: S°+ T°1 P°
After the execution ofR only
@ 1 compartment volume
@ 3 species concentration
@ - 6 propensity functions
changed

Multi-compartment SSA

After every computation step
only few

@ volume values

@ species concentration

@ propensity functions
change

Enhancements

@ update only changed
values

@ binary (instead of linear)
search for next reaction

=) logarithmic (instead of
linear) complexity
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Multi-compartment SSA

Data structures

De nition (Dependency Graph)
The dependency graph &f a chemical system is a directed graph where

@ each vertex (in the number of ¢M) corresponds to one of the
propensity functions of the system

@ an edge exists between vertexXés and V; i® the ring (in the right
compartment) of the reaction associated ¥; in°uences the
propensity function associated td,

Example
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Multi-compartment SSA

Data structures

De nition (Non-Cumulative Binary Search Tree)
A Non-Cumulative Binary Search Tre@CBST) is a binary tree
o complete (all the levels are full, except for the last)

@ where the value associated to each node is equal to the sunhef t
values of its o®spring

v

Example

@ ) ®)

Versari, Busi (UniBO) Simulation with Dynamical Compartments

CMSB 2007 16 / 26



Modelling with the Stochastic Y«Calculus

Example
S’ ¢cP T  ©0
R: S+T! P+Q =)
sit T piQ

o parallel processe9) biochemical elements (e.g. molecules)
@ synchronisation/communication() reaction, binding

@ |I/O channel = reaction

o ratesr associated with reactions channedsby external function

r =rate(c)
compartments by restriction

©
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Compartments by Polyadic Synchronisation in %@

Example

) S(x) © c@:P(x)
CompartmentsA; B .
R: S+T! P+Q T~ coeQx)

+
Ra: Sa+Tal PatQn 2 S@iT@ T P@io@
Rs: Ss+Te! Pg+ Qs sb)iT (b) T P(0)iQ(b)
S(@)jT(b) i=

w

@ polyadic synchronisation = each channel denoted by two names
o the “rst name represents the origind:Calculus channel
» the second one denotes the compartment
e polyadic synchronisation + priority (=rate A 1 )
=) compartment semantics
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Specifying the Volume of Biochemical Elements

Remark

Stochastic variations of volumes are introduced by expregshe volume
of each compartment as the sum of the volumes occupied by each
molecule inside it, with

v(§) = volume occupied by each molecule of spects

@ syntax extended to specify the volume of each (type of) molecul
@ volume informations (optional) are appended to I/O actions

Example
R: S+T! P S’ c:sP T  €:t:Q
V(S)=s =)
v(T)=t SiT rei!te(c) =
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The Stochastic Y@ Calculus (S/4@)

De nition (S Y@ syntax) _ _ _
— X - - = —
P = 0 b P Q WP (°x)P
2l —

n@:v(x)  n@:vhxi

Ya

©

same operators of th&Calculus
same semantics rules of the stochastigCalculus

channels composed of two names, the second one denoting the
compartment

©

(]

()

I/O actions followed by molecular volume informations
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Conclusion

Summary

Summary
o Multi-compartment Stochastic Simulation Algorithm (MSSA) fdhe
stochastic simulation of biochemical systems in presence otipiel
compartments with dynamical structure and varying volumes

o Stochastic4@ Calculus as suitable formalism for the MSSA
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Final considerations

Pros
Multi-compartment stochastic simulation algorithm:
@ low computational complexity (logarithmic)
o deal with variable volumes and multiple compartments with caitigb
of exchanging molecules between compartments
@ exact stochastic simulation of many biochemical phenomena
(molecular di®usion, osmosis, ...)

@ can be exploited for many other calculi and formalisms (e.g.
Bioambients, Brane, Betabinders, P Systems, ...)
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Final considerations

Pros
SV@:
@ simple (very close t&zCalculus syntax)
@ conservative (almost sam@:Calculus semantics)

@ concise (reactions are speci ed once, additional informasimn
compartments and volumes are speci ed only if required)

o little implementation e®ort as extension of SPiM
[Phillips, Cardelli, 2004]

@ compartments with dynamical structure

@ cross-compartment elements are straightforwardly and coesigy
speci ed

@ almost unlimited compartment semantics (able to encode
Bioambients, Brane Calculi, Projective Brane, ...)
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Future work

Future work
o implementation of MSSA and %@
o MSSA tau-leaping
o parallel (distributed?) implementation of @@
o physical model to approximate(Sj)
@ inclusion of other physical properties (temperature, plass ...)
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The end

Thank you.
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