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Introduction

Biochemical Modelling by Process Calculi

Modelling of biochemical systems by means of process calculi:

reacting elements as parallel, evolving processes

reactions as synchronisation / communication between processes

Models analysed in di®erent ways, e.g. by

model checking

systems of ordinary di®erential equations
stochastic simulation

stochastic simulation algorithm [Gillespie, 1977]
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Introduction

Stochastic Simulation Algorithm (SSA)

SSA
molecules collide = react

each step of the algorithm
= one molecule pair (active) collision

discrete, stochastic, exact

single, adiabatic compartment

¯xed volume
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Introduction

Compartments

Compartments necessary for biological modelling:

exploited in recent approaches (BioAmbients, Brane Calculi, Beta
binders, P systems, . . . )

several abstraction levels (cellular organelles, subcellular volumes,
cells, tissues, . . . )

dynamical structure (merging and splitting, creation and destruction)

variable volumes (merging and splitting, exchange of elements)
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Introduction

Motivation

Problem
How to extend the SSA in order to handle multi-compartment systems
with varying volumes?

Solution
Multi-compartment Stochastic Simulation Algorithm.

Problem
What the simplest process calculus for their e®ective representation?

Proposal

The stochastic¼@ calculus.
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Multi-compartment SSA

SSA description

Description

single compartment of ¯xed volumeV

N chemical species,M reaction channels

each channel denoted by a (constant)reaction rate(probability)
c1; : : : ; cm

each step corresponds to the stochastic choice of one of theM
reaction (molecular collision between one molecule pair)

the (variable) number of molecules of each speciesX1; : : : ; XN

determine the number of molecular pairsh1; : : : ; hm for each reaction
(number of combinations for each type of molecular collision =
number of ways each reaction may happen)

rates and molecular combinations in°uence thepropensity functions
a1; : : : ; aM , closely related to the probability of each reaction to occur
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Multi-compartment SSA

SSA Propensity functions

Description

rates and molecular combinations in°uence thepropensity functions
a1; : : : ; aM , closely related to the probability of each reaction to occur

Example

ReactionR : S + T ! P Propensity functiona = XSXT c

with

a = propensity function of reactionR
a directly proportional to

the reaction ratec of R
the numberXS of molecules of speciesS
the numberXT of molecules of speciesT
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Multi-compartment SSA

SSA in detail

Algorithm

1 calculate aj = hj cj 8j

2 calculate a0 =
P

aj

3 generate randomly
z1; z2 2 [0; 1[

4 set ¿ = a¡ 1
0 log(z¡ 1

1 )

5 find ¹ = smallest int
s.t.

P ¹
j =1 aj > z2a0

6 update X1; : : : ; XN

7 set t = t + ¿

8 go to step 1

N chemical species

M reaction channels

a1; : : : ; aM propensity functions

c1; : : : ; cM reaction rates

h1; : : : ; hM molecular combinations
for each reaction

¿ time elapsed before next reaction
R¹

X1; : : : ; XN number of molecules of
each chemical species

t current time
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Multi-compartment SSA

Varying Volume

Problem
How to extend the SSA in order to handle varying volumes?

Solution
By unfolding the distinct informations enclosed in thereaction rate.

Example

R : S + T ! P a = XSXT c = XSXT V ¡ 1r

with a directly proportional to

the reaction rate (per unit volume)r of R

the numbersXS; XT of molecules of speciesS; T

the inverse of the compartment volumeV
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Multi-compartment SSA

Multiple Compartments

Problem
How to extend the SSA in order to handle multiple compartments?

Solution
The same type of reaction in distinct compartments represents two distinct
reactions:reaction channel shall be denoted not only by the type of
reaction but also by the compartment the reaction happens in.

Example

ReactionR : S + T ! P CompartmentsC1; C2

=) R1 : S1 + T1 ! P1 a1 = XS1XT 1V ¡ 1
1 r

R2 : S2 + T2 ! P2 a2 = XS2XT 2V ¡ 1
2 r
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Multi-compartment SSA

Interaction between Compartments

Problem
How to deal with stochastic variations of volumes due to interaction
between di®erent compartments (e.g. exchange of molecules)?

Solution
By binding the value of the volumeVk of each compartmentCk to the
internal state ofCk , i.e. the number of molecules of each species insideCk :

Vk =
MX

j =1

v(Sj )X k
j

v(Sj ) = volume occupied by each molecule of typeSj

X k
j = number of molecules of speciesSj inside compartmentCk
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Multi-compartment SSA

Multi-compartment SSA (MSSA)

Algorithm

0 calculate Vk =
P

v(Si )X k
i 8k

1 calculate ak
j = V ¡ 1

k hk
j rj 8k; j

2 calculate a0 =
P

ak
j

3 generate randomly
z1; z2 2 [0; 1[

4 set ¿ = a¡ 1
0 log(z¡ 1

1 )

5 find (¹; Ã) smallest int
s.t.

P Ã
k=1

P ¹
j =1 ak

j > z2a0

6 update X 1
1 ; : : : ; X K

N

7 set t = t + ¿

8 go to step 0

ak
j propensity function of

reactionRj inside
compartmentCk

rj reaction rate (per unit
volume) of reactionRj

hk
j molecular combinations

for reactionRj inside
compartmentCk

¿ time elapsed before the
next reactionR¹ insideCÃ

X k
i number of molecules of

chemical speciesSi inside
compartmentCk

t current time
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Multi-compartment SSA

Computational Complexity

Algorithm

0 calculate Vk =
P

v(Si )X k
i 8k

1 calculate ak
j = V ¡ 1

k hk
j rj 8k; j

2 calculate a0 =
P

ak
j

3 generate randomly
z1; z2 2 [0; 1[

4 set ¿ = a¡ 1
0 log(z¡ 1

1 )

5 find (¹; Ã) smallest int
s.t.

P Ã
k=1

P ¹
j =1 ak

j > z2a0

6 update X 1
1 ; : : : ; X K

N

7 set t = t + ¿

8 go to step 0

Computational complexity for
each step:

0 O(N ¢C) (chemical species
times compartments)

1 O(M ¢C) (reactions
channels times
compartments)

2 O(C)

3,4 constant

5 O(M ¢C)

6 O(N)

7,8 constant
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Multi-compartment SSA

Enhancement of the MSSA

Example

System composed of

10 = N chemical species

15 = M react. channels

100 = C compartments

speciesS; T ; P reactant in 3,1,2
reactions respectively

ReactionR5 : S5 + T 5 ! P5

After the execution ofR only

1 compartment volume

3 species concentration

· 6 propensity functions

changed

After every computation step
only few

volume values

species concentration

propensity functions

change

Enhancements
update only changed
values

binary (instead of linear)
search for next reaction

=) logarithmic (instead of
linear) complexity
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Multi-compartment SSA

Data structures

De¯nition (Dependency Graph)

The dependency graph Gof a chemical system is a directed graph where

each vertex (in the number ofC ¢M) corresponds to one of the
propensity functions of the system

an edge exists between vertexesV1 and V2 i® the ¯ring (in the right
compartment) of the reaction associated toV1 in°uences the
propensity function associated toV2

Example
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Multi-compartment SSA

Data structures

De¯nition (Non-Cumulative Binary Search Tree)

A Non-Cumulative Binary Search Tree(NCBST) is a binary tree

complete (all the levels are full, except for the last)

where the value associated to each node is equal to the sum of the
values of its o®spring

Example

(a) (b)

7 4

11

12 3

15

26

9 6

15

41

a1 a2

a1 + a2

a3 a4

a3 + a4

a1 + a2 + a3 + a4

a5 a6

a5 + a6

a1 + a2 + a3 + a4 + a5 + a6
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The Stochastic ¼@ Calculus

Modelling with the Stochastic ¼-Calculus

Example

R : S + T ! P + Q =)

S ´ c:P T ´ c:Q

SjT
rate(c)
¡! PjQ

parallel processes() biochemical elements (e.g. molecules)

synchronisation/communication() reaction, binding

I/O channel = reaction

ratesr associated with reactions channelsc by external function
r = rate( c)

compartments by restriction
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The Stochastic ¼@ Calculus

Compartments by Polyadic Synchronisation in ¼@

Example

CompartmentsA; B
R : S + T ! P + Q

+
RA : SA + TA ! PA + QA

RB : SB + TB ! PB + QB

=)

S(x) ´ c@x:P(x)
T (x) ´ c@x:Q(x)

S(a)jT (a)
rate(c)
¡! P(a)jQ(a)

S(b)jT (b)
rate(c)
¡! P(b)jQ(b)

S(a)jT (b) =¡!

polyadic synchronisation =) each channel denoted by two names:
the ¯rst name represents the original¼-Calculus channel
the second one denotes the compartment

polyadic synchronisation + priority (=rate Ã 1 )
=) compartment semantics
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The Stochastic ¼@ Calculus

Specifying the Volume of Biochemical Elements

Remark
Stochastic variations of volumes are introduced by expressing the volume
of each compartment as the sum of the volumes occupied by each
molecule inside it, with
v(Sj ) = volume occupied by each molecule of speciesSj

syntax extended to specify the volume of each (type of) molecule

volume informations (optional) are appended to I/O actions

Example

R : S + T ! P
v(S) = s
v(T ) = t

=)

S ´ c :s:P T ´ c : t :Q

SjT
rate(c)
¡! P
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The Stochastic ¼@ Calculus

The Stochastic ¼@ Calculus (S¼@)

De¯nition (S ¼@ syntax)

P ::= 0
¯
¯
¯

X

i 2 I

¼i :Pi

¯
¯
¯ P

¯
¯ Q

¯
¯
¯ !¼:P

¯
¯
¯ (º x)P

¼ ::= n@c :v(x)
¯
¯
¯ n@c :vhxi

same operators of the¼-Calculus

same semantics rules of the stochastic¼-Calculus

channels composed of two names, the second one denoting the
compartment

I/O actions followed by molecular volume informations
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Conclusion

Summary

Summary

Multi-compartment Stochastic Simulation Algorithm (MSSA) forthe
stochastic simulation of biochemical systems in presence of multiple
compartments with dynamical structure and varying volumes

Stochastic¼@ Calculus as suitable formalism for the MSSA
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Conclusion

Final considerations

Pros
Multi-compartment stochastic simulation algorithm:

low computational complexity (logarithmic)

deal with variable volumes and multiple compartments with capability
of exchanging molecules between compartments

exact stochastic simulation of many biochemical phenomena
(molecular di®usion, osmosis, . . . )

can be exploited for many other calculi and formalisms (e.g.
Bioambients, Brane, Betabinders, P Systems, . . . )

Versari, Busi (UniBO) Simulation with Dynamical Compartments CMSB 2007 22 / 26



Conclusion

Final considerations

Pros
S¼@:

simple (very close to¼-Calculus syntax)

conservative (almost same¼-Calculus semantics)

concise (reactions are speci¯ed once, additional informations on
compartments and volumes are speci¯ed only if required)

little implementation e®ort as extension of SPiM
[Phillips, Cardelli, 2004]

compartments with dynamical structure

cross-compartment elements are straightforwardly and consistently
speci¯ed

almost unlimited compartment semantics (able to encode
Bioambients, Brane Calculi, Projective Brane, . . . )
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Conclusion

Future work

Future work
implementation of MSSA and S¼@

MSSA tau-leaping

parallel (distributed?) implementation of S¼@

physical model to approximatev(Sj )

inclusion of other physical properties (temperature, pressure, . . . )
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Conclusion

The end

Thank you.
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